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Abstract 

We prove that the p-completed Brown-Peterson spectrum is a retract of a product of 
Morava Pi-theory spectra. As a consequence, we generalize results of Ravenel-Wilson- 
Yagita and Kashiwabara from spaces to spectra and deduce that the notion of good 
group is determined by Brown-Peterson cohomology. Furthermore, we show that ratio¬ 
nal factorizations of the Morava Pi-theory of certain finite groups hold integrally up to 
bounded torsion with height-independent exponent, thereby lifting these factorizations 
to the rationalized Brown-Peterson cohomology of such groups. 

1. Introduction 

Many important cohomology theories E are constructed from complex cobordism MU or Brown- 
Peterson cohomology BP via Landweber’s exact functor theorem. Viewing this process as a sim¬ 
plification, one might wonder what kind of information about BP*{X) is retained in E*{X), for 
X a space or a spectrum. Motivated by this question, the goal of this paper is two-fold: In the first 
part, we show that many properties of the BP-cohomology of a spectrum are determined by the 
collection of its Morava PT-theories K{n)*{X). In the second part, transchromatic character the¬ 
ory is used to factor the rationalized BP-cohomology of classifying spaces of certain finite groups 
by establishing height-independent bounds on the torsion in Morava Pi-theory. This has the cu¬ 
rious consequence that the BP-cohomology of finite groups behaves more algebro-geometrically 
than one might expect. 

Let En denote Morava Pi-theory of height n, which is a Landweber exact Pioo-ring spectrum 
with coefficients P* = W{k)\ui, ..., u„,-ilThe key observation of this paper is a natural 
extension of a theorem due to Hovey [Hov95, Thm. 3.1], realizing BP as a summand in a product 
of simpler cohomology theories. 

Theorem. Thep-completed Brown-Peterson spectrum BPp is a retract of nn>o the product 
over all Morava E-theories En- 

The general idea is now as follows: The behavior of Morava Pi-theory at height n is closely 
connected to the behavior of Morava PC-theory K{n) at the same height, and these cohomology 
theories determine each other in many cases. Starting from knowledge about the Morava K- 
theories K{n)*{X) of a spectrum X, we can then deduce properties of Pi*(A), which collectively 
control BP*{X) by the above splitting. Conversely, the BP-cohomology of spaces determines 
their Morava PC-theory. 
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The class of spectra amenable to such comparison results are those with evenly concentrated 
Morava X-theory for all heights or, more generally, with Landweber flat BP-cohomology; ex¬ 
amples abound. Using the previous theorem and certain base change formulas, we then obtain 
generalizations of the main structural results of [RWY98, Wil99] to spectra. 

Theorem. Let X he a spectrum. If K{n)*X is even for all n > 0, then BP*X is even and 
Landweber Eat. Moreover, for f: X —Y a map between spectra with even Morava K-theories, 
BPpif) is injective or surjective if K{n)*{f) is injective or surjective for all n. 

Moreover, we give conditions on a spectrum X that implies that BP*{¥X) is Landweber 
flat, where ¥X denotes the free commutative algebra spectrum on X. Combining the retract 
theorem together with work of Rezk [Rez09] as well as the first author with Prankland [BF14], 
we construct a functor 

Mod^p^* —^ Modsp^* . 

For a large class of spaces, containing spheres and higher Eilenberg~Mac Lane spaces, we then 
show that BP*{¥X) is functorially determined by BP*{X). 

Theorem. There exists a functor on the category Modpp* of (topological) BP*-modules 
such that, for X a space with K{n)^{X) even and degreewise Enite for all n > 0, there is a 
natural isomorphism 

T^PBP*{X) BP*{¥X) 

of BP*-modules. 

Roughly speaking, this result says that the structure of the corresponding Kiinneth and 
homotopy orbit spectral sequences for BP*{¥X) is completely controlled by the topological 
module BP*{X). 

As another consequence of our results, we deduce that various notions of good groups coincide 
and are controlled by the RP-cohomology of the group. This motivates the second part of 
the paper, where we take the above ideas one step further. Transchromatic character theory 
establishes a link between Morava E-theories of different heights, leading to the question of 
which properties of E*{X) and BP*{X) are detected by height 1 and height 0, i.e., by topological 
R-theory and rational cohomology. It turns out that the connection is surprisingly strong, an 
observation that has already been exploited in [SS14, BS16]. 

The second part of the paper focuses on the rationalization of the retract theorem. We apply 
the resulting map to classifying spaces of finite groups. Algebro-geometrically, E*{BA) for a 
finite abelian group A corepresents the scheme Hom(A*,G£;^) that parametrizes maps from the 
Pontryagin dual of A to the formal group associated to Morava E-theory. Rationally, there 
is then a decomposition into schemes classifying level structures 

Hom(A*,GEj-Q H Level{H*,GEj, 

HCA 

where H runs through the subgroups of A, see [Str97]. Up to torsion, the scheme of level struc¬ 
tures Level(E*,Gg^) is corepresented by E*{BH)/I, where I is the transfer ideal, i.e., the ideal 
generated by transfers from the maximal subgroups of H. We show that this statement holds 
integrally up to bounded integral torsion, where the exponent of the torsion is in fact indepen¬ 
dent of the height we work at. This uses a result about level structures proven by Jeremy Hahn, 
which forms the appendix to this paper. 
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Theorem. Let A he a finite abelian group, then the exponent of the torsion in the cokernel of 
the natural map 

El{BA) n E:{BH)/I 

HCA 

is bounded independent of the height n. 

In order to prove this, we construct a variant of the transchromatic character maps of [Stal3, 
BS16] from Pi-theory at height n to height 1, which allows for tight control over the torsion. 
Since products of torsion abelian groups with a common torsion exponent are torsion as well, it 
follows that the natural map 

iiE^iBA) ^ n n 

n n HCA 

is a rational isomorphism. It is possible to apply the retract theorem to immediately deduce a 
similar decomposition for the i?P-cohomology of finite abelian groups. 

Corollary. Let A be a finite abelian group and let I denote the transfer ideal, then the natural 
map 

BP;{BA) BP*{BH)/I 

HCA 

is a rational isomorphism. 

Similarly, the scheme corepresented by E^{B'E,m) decomposes rationally into a product of 
subgroup schemes P SubAhm), indexed by partitions A h m of m. Again, we prove that this 
statement holds integrally up to globally bounded integral torsion. 

Theorem. The exponent of the torsion in the cokernel of the natural map 

EliBEm) nrSubAh™(GEj 

Ahm 

is bounded independent of the height n. Consequently, there is a rational isomorphism 

BP;{BE^) lliBP;{BE^)/hf^, 

Ahm 

where I\ is a certain transfer ideal. 

Finally, we give a further illustration of the methods of the paper by proving a well-known 
version of Artin induction for the BP-cohomology of good groups. 

1.1 Relation to the literature 

The question of when and how E*{X) can be computed algebraically from BP*(X) or, conversely, 
what kind of information about BP*{X) is retained in E*{X) has a long history. After pioneering 
work of Johnson and Wilson [JW73, JW75] and Landweber [Lan76], these problems have been 
studied systematically in a series of papers by Ravenel, Wilson, and Yagita [RWY98, Wil99] 
and Kashiwabara [Kas98, KasOl]. Their methods are based on a careful study of the associated 
Atiyah-Hirzebruch spectral sequences. As a consequence, the results contained in these papers 
are unstable, i.e., only valid for spaces rather than arbitrary spectra. 

The results of our paper generalize the main structural theorems of [RWY98, Wil99] from 
spaces to spectra, by replacing the Atiyah-Hirzebruch spectral sequence arguments by the above 
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retract result. This is remarkable, as such extensions seemed previously impossible, see the re¬ 
mark following Theorem 1.8 in [RWY98, p.2]. Furthermore, the retract result has the pleasant 
side effect of simplifying many of the proofs, at the cost of losing control over any explicit gen¬ 
erators and relations descriptions. In particular, we are unable to recover the computations for 
spheres, Eilenberg-Mac Lane spaces, and other spaces appearing in certain fl-spectra given in 
the aforementioned papers. 

In contrast to this, passing from BP*{X) to K[n)*{X) is more subtle, due to the existence 
of counterexamples to the generalizations of certain base change formulas to arbitrary spectra. 
Here, our results do not improve on the results in [RWY98, Wil99]. 

In [KasOl], Kashiwabara studies the following question: To what extent does BP*{X) control 
BPpiQX) for X a space. He shows that BP*{QX) inherits Landweber flatness from BP*{X) 
and constructs a functor "D such that 

VBP;{X) Bp;{n°°x), 

is an isomorphism under certain algebraic conditions on X. Our description of BP* (PX) is related 
to Kashiwabara’s result via the Snaith splitting; the precise relation between Kashiwabara’s 
theorem and ours is, however, not completely clear at the moment. It should be noted, however, 
that his functor allows for explicit calculations, whereas involves the idempotent given by 
the retract and is thus much less computable. 

1.2 Outline 

We begin in Section 2 by reminding the reader about the cohomology theories and basic concepts 
that are used in this paper. These theories are related to each other by various base change 
formulas, most of which are collected from the literature. The Hrst goal of Section 3 is the 
proof of the result which the rest of our paper is based on, namely that BPp is a retract of a 
product of Morava E-theories. We then deduce our main theorems about the structure of the BP- 
cohomology of spectra with even Morava iL-theory. Moreover, we discuss the EP-cohomology of 
free commutative algebras and show that various notions of good groups are equivalent. 

The second part of the paper starts in Section 4 with a toy example, obtaining the existence 
of a height independent torsion exponent in the case of finite cyclic groups and T,p by an explicit 
calculation. A number of auxiliary commutative algebra results are proven before introducing 
a variant of the transchromatic character map. The rest of the section contains the proofs of 
the main theorems for Morava E-theory and their consequences for the rational EE-cohomology 
of abelian and symmetric groups. A key result for the case of abelian groups is deferred to an 
appendix, written by Jeremy Hahn. 

1.3 Notation and conventions 

Throughout this paper we hx a prime p and work in the category Sp of p-local spectra. By space, 
we shall always mean a CW complex of finite type viewed as a suspension spectrum. The results 
in the hrst part of the paper are formulated and proven more generally for the theories P{m), 
but the reader not familiar with these might want to specialize to E(0) = BPp. We will also 
always write ^pjiP^ for (Qp/Zp)”-. 
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2. The Brown—Peterson spectrum and related cohomology theories 

After introducing the complex oriented ring spectra that will be used throughout the paper, we 
recall the notion of Landweber flatness relative to the theory P(m) and prove that Landweber flat 
modules are closed under products. We then give base change formulas relating these cohomology 
theories. Although most of these results are well-known, we hope the reader might like to see 
them collected in one place. 

2.1 Preliminaries 

We recall some basic terminology and facts that will be used in this paper; for more details, 
see for example [RWY98]. Let BP be the Brown-Peterson spectrum with coefficients BP* = 
Z(p)[ui,U 2 ,...], where the Vi are Hazewinkel generators of degree \vi\ = —2(p* — 1) with vq = p; 
as usual, none of the constructions or results in this paper depend on this choice of generators. 
By [Lan73], the invariant prime ideals in BP* are given by = (p, ui,..., Vn-i) for n ^ 0. 
Recall that P{m) denotes the RP-module spectrum with coefficients 

P{m)* = BP*/Im, 

which can be constructed using Baas-Sullivan theory of singularities or the methods of [EKMM97]. 
We set P(0) = BPp, the p-completion of BP. The ideals Im,n = {vm-, ■ ■ ■, W-i) for n ^ m are 
then precisely the invariant prime ideals of P[m)*. 

The Landweber filtration theorem [Lan76] for RP^RP-comodules that are finitely presented 
as i?P*-modules admits the following generalization to P(m), independently due to Yagita and 
Yoshimura. 

Theorem 2.1 [Yag76, Yos76]. Suppose M is a P{m)*P{m)-module which is finitely presented 
as a P{m)*-module, then there exists a finite filtration of M by P{m)*P{m)-modules 

0 = Mo C Ml C ... C Ms = M 

with filtration quotients Mj+i/Mj = P{m)*/Im,ni up to a shift and for some n* ^ m. 

Remark 2.2. The classical Landweber filtration theorem is usually stated for BP, not for P(0) = 
BPp. However, this will not affect any of the arguments or statements appearing later in this 
paper. 

Erom P{m) we can construct, for n ^ m, spectra E{m, n) by taking the quotient by the 
ideals (u„+i,u„+ 2 ,...) and then inverting i.e., 

= if”"". 

lfm>0. 

In particular, if m = re, then E{m,m) = K{m) is Morava A-theory, and if rre = 0, then 
A(0,re) = E(n) is p-complete Johnson-Wilson theory. Moreover, we define E{m,n) to be the 
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i^(n)-localization of E{m,n), 

E{m,n) = LK(^^)E{m,n), 

where Lx[n) denotes Bousfield localization with respect to K[n). Finally, we denote by En height 
n Morava Fi-theory, which is a 2-periodic finite free extension of E{0,n) given by adjoining an 
element u of degree 2 with = Vn and extending coefficients to the ring W{k) of Witt 

vectors over a perfect field k of characteristic p. 


2.2 Landweber flatness 

Recall the following definition from [RWY98, Wil99]. 

Definition 2.3. A module M € Modp(m)* is called Landweber flat if it is a flat module for 
the category of P(m)*P(m)-modules which are finitely presented as P(m)*-modules, i.e., if the 
functor 

~ ^ i'dodp(m)* 

is exact. 


The Landweber filtration theorem for P{m) easily implies the following characterization of 
Landweber flatness, see for example [RWY98, Thm. 3.9]. 

Proposition 2.4. A P{m)*-module M is Landweber flat if and only if 

Vn - Pin)* 0p(^rny ^ ^ P(n)* ®p(m)* M 

is injective for all n ^ m. 


In the next section, we need a closure property for the collection of Landweber flat modules. 
Since we do not know of a published reference for this fact, we include the proof. 


Lemma 2.5. The collection of Landweber Eat Pirn)*-modules is closed under products. 

Proof. Suppose (Mj)j is a collection of Landweber flat PP*-modules and let n ^ m. By Propo¬ 
sition 2.4, it suffices to show that the top map in the commutative diagram 

(Hi ^'^i) ®P(m)* Pim)*/Im,n —^ (Ili <X'P(m)* P(m)V^m,n 






WiiMi ®p{rn)* P(PT') /Im,n) ^ Y[ii^i PinT) /Im,n) 


is injective. Since P(m)*//m,n is a finitely presented P(m)^-module, the vertical maps are 
isomorphisms. But, by assumption, the bottom map is injective, hence so is the top map. □ 


Remark 2.6. This result should be compared to a theorem of Chase; For R a (not necessarily 
commutative) ring, the collection of flat R-modules is closed under arbitrary products if and only 
if R is left coherent. For a discussion of products of flat modules and a proof of Chase’s theorem, 
see [Lam99]. 


2.3 Base change formulas 

This section collects a number of base change formulas for the cohomology theories we use in 
this paper. While most of the results are well-known, it is not always easy to locate references 
in the published literature. 
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Lemma 2.7. Suppose m and let X he a spectrum such that E{m,n)*{X) is evenly concen¬ 
trated and Bat as an E{m,n)*-module, then 

K{nr{X) - E{m,nr{X) K{n)\ 

which is even as well. Conversely, if K{n)*{X) is even, then E{m,n)*[X) is even and Bat as an 
E{m, n)*-module. 

Proof. We will give the proof for m = 0 and Morava Ll-theory E^, the argument and referenced 
results generalize easily to the case m > 0. First note that Elf{X) is automatically complete with 
respect to the maximal ideal of E*, because the function spectrum E{X,En) is iL(n)-local. By 
[BF14, Prop. A.15], this means that E*{X) is flat as an Fl*-module if and only if it is pro-free, i.e., 
if it is the completion of some free Fl*-module. This reduces the claim to [HS99b, Prop. 2.5]. □ 

In order to relate E{m, n)-cohomology to P(m)-cohomology, we need to recall the construc¬ 
tion of the completed tensor product, see for example [KY93]. 

Definition 2.8. Let A: be a cohomology theory and consider two complete topological algebras 
A,B over k*, with filtrations given by a system of opens {Aj.} and {Bj.}, respectively. The 
completed tensor product of A with B over k* is then defined as 

A ® k*B = lim(A(8)fc* B )/ Jr , 

r 

where Jr is the ideal spanned by Ar <S)k* B A Br¬ 
il X is space with skeletal filtration {sk^ X}, then its cohomology k*{X) can be topologized 
using the system of fundamental neighbourhoods of 0 given by Fr{X) = ker(A:*(X) ^ k*{skr X)). 
In the following, we will always consider this topology when working with completed tensor 
products. 

Remark 2.9. In particular, note that the completed tensor product of even cohomology groups 
is also concentrated in even degrees. 

The next result is known as Morava’s little structure theorem; a proof in the generality we 
need is given in [Wil99, Prop. 1.9], see also [Str99]. 

Proposition 2.10. If X is a space, then 

E{m,n)*{X) ^ P{m)*{X)^p^rn)*E{m,n)* 

for all n ^ m > 0 or m = 0,n > 0, and similarly for the completed theories E(m, n). Moreover, 
if P{m)*{X) is Landweher Bat, then E{m,n)*{X) is Bat over E(m,n)* for all m > 0. 

Proof. The base change formula for both E{m, n) and E{m, n) is contained in the aforementioned 
references, see for example [Str99, Cor. 8.24]. To show the second part of the claim, observe that, 
by [Wil99, Prop. 2.1], the assumption implies that the ideal Im,n acts regularly on E{m,n)*{X). 
Then the obvious extension of [HS99b, Thm. A.9] from En to arbitrary E{m, n) gives flatness. □ 

Example 2.11. This result does not hold for arbitrary spectra instead of spaces. As a counterex¬ 
ample, consider the connective Morava TC-theory spectrum k{n). While K{n)*k{n) ^ 0, it can 
be shown [RWY98, Rem. 4.9] that P{n)*k{n) = 0, hence the result fails for m = n. 

Lemma 2.12. For any spectrum X with P{m)*{X) Landweher Bat and n ^ m, there is a natural 
isomorphism 

P{nnX) - Pin)* P{mr{X). 
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Proof. We prove this by induction on n ^ m, the statement for n = m being trivial. Now let 
n ^ m and recall that Proposition 2.4 shows that P{m)*{X) Landweber flat implies that 

Vn-. P{n)* (8)p(m)* P{m)*{X) —^ P{nf P{mf{X) 

is injective for all n ^ m. By construction of P{n + 1), there is an exact triangle 

P{nY{X) - - - ^P{n + l)*{X) (2.1) 

P(n)*(X), 

where the dashed arrow is the connecting homomorphism of degree 1. Since P{n)*{X) = P(n)*(8ip(m) 
P{m)*{X) by the induction hypothesis, our assumption combined with (2.1) shows that pn is 
surjective and that 

P{n + l)*{X) = coker(i;„: P{n)*{X) P(n)*(X)) 

= coker(i;„: P{n)* ®p[rn)* -P(™)*(-^) ^ P{n)* ®p(rn)* -P(™')*(-^)) 

^P(n + l)*®p(^)* P(m)*(X), 

thereby proving the claim. □ 

Corollary 2.13. If X is a space with Landweber Eat P{m)-cohomology, then 

K{nY{X) ^ K{nY®p^n)YP{nY ^P^my P{mY{X)) 

for all n ^ m > 0 or m = 0,n > 0. In particular, under the same assumptions, if P{mY{X) is 
even, then K{nY{X) is even as well. 

Proof. Let X be a space such that P{mY{X) is Landweber flat. From the previous lemma we 
get 

P{nY{X) = P{nY ®p^mY P{mY{X) (2.2) 

for all n ^ m. But Proposition 2.10 with m = n shows that 

K{nY{X) - KinY^p^nyPinYiX) 

which together with (2.2) yields the claim. □ 

Remark 2.14. In [KY93, Eq. (1.8)], Kono and Yagita show that iL(n)*(X) is isomorphic to 
K{nY®p[m)*PYX)*{X) for a space X with BP*{X) Landweber flat. We do not know if their 
methods generalize to imply that K{nY{X) = K{nY'^p(m)*P{i^YiX) in the situation of Corol¬ 
lary 2.13. 



3. The splitting and some consequences 

In this section, we first prove that P{m) is a retract of an infinite product of Fl-theories, following 
closely the argument given in [Hov95, Thm. 3.1]. Combined with the base change results of the 
previous section, this allows us to generalize the main structural results of [RWY98, Wil99] 
from spaces to spectra. Since we do not require any analysis of the Atiyah-Hirzebruch spectral 
sequence for this, our arguments are rather short in comparison. In Section 3.3, we construct 
an analogue of Rezk’s algebraic approximation functor T®" for BPp. These functors are then 
used to prove a version of Kashiwabara’s main result [KasOl] about the RPp-cohomology of 
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free commutative algebras. Finally, we give several equivalent characterizations of good groups, 
thereby showing that this notion is really a global one. 

3.1 BP as a retract of a product of Morava Fl-theories 

Let I: Sp — 7 > Sp denote Brown-Comenetz duality, which is a lift of Pontryagin duality for abelian 
groups to the category of spectra. To be precise, if X is a spectrum, then I represents the functor 

X i-A Hom(7roX, Q/Z(p)) 

and we set IX = F{X,I). In [Mar83, Prop. 5.2], Margolis proves a non-existence result for 
f-phantom maps with target of the form IX] recall that a map P —>■ X of spectra is called 
f-phantom if Z —)■ Y —?■ X is null for all finite spectra Z. 

Lemma 3.1 Margolis. Any f-phantom map with target IX must he null 

The next result is a natural generalization of [Hov95, Thm. 3.1]. 

Theorem 3.2. Suppose that D is a p-complete Landweber Eat P{m)-module spectrum. If there 
is a morphism f: P{m) —D such that the induced maps 

P{rn)if/Im,n ^ Bif, jI^iyi n 

are injective for all n> m, then f is a split inclusion of spectra. 

Proof. We will prove the result for m = 0 using the classical Landweber filtration theorem. The 
argument in the case m > 0 uses Theorem 2.1, but is easier as P[m) is already p-complete. Let 
F be the fiber of the map BPp ^ D and 

F' = hhiBP —^ D)] 

we need to check that F —?■ BPp is null. Since BP has degreewise finitely generated homotopy 
groups, BPp = I^BP. In order to show the claim, it thus suffices by Lemma 3.1 to check that 
F — BPp is f-phantom. There is a commutative diagram 

F' -^ BP -^ D 

F -^ BPp -^ D 

Cl -- 6-2 --C 3 

with all rows and columns being cofiber sequences. Since D is p-complete, we get C 3 = 0 and 
thus that the top row in the following diagram is a cofiber sequence 

F' -^ F -^ cof (BP —^ BPp) ~ Cl 

BP -^ BPp. ^ 

If we can show that F' —^ BP is f-phantom, then the composite F' — BP —)• BPp is also 
f-phantom, hence null by Lemma 3.1, so the indicated factorization in the right triangle exists. 
Because cof(PP — > BPp) is acyclic with respect to the mod p Moore spectrum M(p) and BPp 
is M(p)-local, the dashed map must be null, hence so is F — BPp. 
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Therefore, Spanier-Whitehead duality reduces the claim to proving that, for X a finite spec¬ 
trum, the induced map 

BP^{X) - ^D^{X) 

is injective. By the Landweber filtration theorem, the BP^BP-comodule BP^f{X) admits a finite 
filtration by comodules Tj with filtration quotients Tj+i/Tj = BP^^/Im (up to suspensions). Since 
BPjf/Irn —^ Dii,/Irn is injective by assumption, Landweber exactness of D and the snake lemma 
applied to the commutative diagram 

0 -^ Pi -^ Fi+i -^ BP^^/Im -^ 0 

0-^ Pi ^BPt. ^ Fj_|_i ®BP-t ^ BP^/Irn ®BP, ^ 0 

gives the claim inductively. □ 

Remark 3.3. Note that the splitting constructed above is only additive, and not a map of ring 
spectra. 

Corollary 3.4. The natural diagonal map 

P{m) - 

is a split inclusion for any infinite set I of integers greater than m. In particular, BPp is a retract 

o^nn>o-®«- 

Proof. It suffices to check that Dj = E{ina,n) satisfies the conditions of Theorem 3.2. The 
spectra E[m,n) are Landweber exact and /L(n)-local, hence p-complete. By Lemma 2.5, Dj is 
also Landweber flat, and because products of local objects are local, it is also p-complete. Since 
the standard maps P[m) —)■ E{m,n) clearly make 

PijP)*/Im,k ^ E*/^m,k /^m,k) 

injective for all k ^ m, the claim follows. □ 

Remark 3.5. The infinite product in Corollary 3.4 cannot be replaced by a coproduct. In fact, 
every map 

/: - ^P{m) 

is null, for any m ^ 0. To see this, note that P{m) is LIFp-local, while En is LIFp-acyclic for all 
n because the Morava iL-theories are, hence / must be null. 

Remark 3.6. Combining [Hov95, Thin. 3.1] with [HS99a, Thin. B] yields a splitting similar to 
Corollary 3.4: The map 

PPp" ^nn>0-^A:(n) {yr&S{n)'P'^pK{n)E{n'^ (3.1) 

is a split inclusion, where the S{n) are explicit indexing sets of even integers. The spectrum on 
the right side is, however, much bigger than nn>o convenient for taking cohomology 

due to the infinite wedge. In some sense, our splitting is as small as possible when using these 
techniques, but structural properties of BPp could also be deduced from the spectrum in (3.1). 

Furthermore, since MU splits p-locally into a wedge of even suspensions of BP, there are 
similar results for MUf^py 
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3.2 Brown—Peterson cohomology and Morava ET-theory 

In this section, we draw some consequences of Corollary 3.4 on the kind of information the 
Morava it'-theories detect about the P(m)-cohomology of spectra. These results generalize the 
main structural theorems of [RWY98] from spaces to spectra. 

Remark 3.7. While the authors remark in [RWY98, p. 2] that their results are strictly unstable, 
their counterexample refers to Example 2.11 and hence only affects Proposition 2.10, which is 
not needed in our approach. 

We start with a lemma that allows us to pass between ordinary and p-complete Brown- 
Peterson cohomology. 

Lemma 3.8. If X is a bounded below spectrum of finite type such that either 

(i) X is a suspension spectrum which is rationally equivalent to S^, or 

(ii) X is a spectrum which is rationally acyclic, 

then BP*{X) is even and Landweber Eat if and only if so is BP*{X). 

Proof. Since BP is connective, BPp is the Bousfield localization of BP with respect to the mod 
p Moore spectrum M {p ), and we get a fiber sequence 

Cm{p)BP - ^BP - ^ Lm{p)BP cs BPp, (3.2) 

where Cm{p)BP is rational and concentrated in odd degrees. On the one hand, if Y is a rationally 
acyclic spectrum, then = 0. On the other hand, if Y is a space rationally equivalent 

to the sphere, then Cm{p)BP*{X) = Cm{p)BP*{S^) is concentrated in odd degrees. Moreover, 
the connecting homomorphism 5, htting in the commutative diagram 

BP;{X) CMip)BP*+\X) 

Bp;{s^) CMip)BP*+Hs^), 

is surjective. Therefore, in either case the long exact sequence associated to (3.2) yields isomor¬ 
phisms 

^podd(Y) BP°'^’^{X) 

and a short exact sequence 

0 -^ BP<^''^^{X) -^ BP^'^^^iX) -^ Cm{p)BP°’^'^{X) -^ 0 . 

This implies the claim about evenness. To see that BP*{X) is Landweber flat if and only 
if BPp{X) is Landweber flat, note that the finite type condition together with the Atiyah- 
Hirzebruch spectral sequence show that BP*{X) is finitely generated in each degree. By [Bou79, 
Prop. 2.5], we thus get an isomorphism 

BP*[X) (g) Zp BP;{X), 

so the claim follows from Proposition 2.4 using flatness of Zp and naturality. □ 

In particular, this applies to finite spectra of type at least 1 and classifying spaces of hnite 
groups. It will be implicitly used from now on, so whenever the assumptions are satisfied, BP 
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refers to the p-complete Brown-Peterson spectrum BPp. The following theorem was proven for 
spaces in [RWY98, Thm. 1.8, Thm. 1.9]. 

Theorem 3.9. Let X he a spectrum. If K(n)* (X) is even for infinitely many n, then P{m)*{X) 
is even and Landweber flat for all m. In particular, (2.1) gives short exact sequences 

0-^ P{m)*{X) P{m)*{X) -^ P{m + 1)*(Y)-^ 0. 

Proof. Let I be the infinite set of natural numbers n such that K[n)*{X) is even and n ^ m. 
By Lemma 2.7, the assumption implies that E{m,n)*{X) is even and flat over E{m,n)*. Since 
the P(m)*-module E{m,n)* is Landwever flat, so is E{m,n)*{X) for all n G /. It follows from 
Lemma 2.5 that Y\^^j E{m,n)*{X) is Landweber flat as well. Since Landweber flat modules are 
clearly closed under retracts, the claim now follows from Corollary 3.4. □ 

Remark 3.10. More generally, the same proof shows that any spectrum X with K[n)*{X) concen¬ 
trated in degrees divisible by a fixed integer d for infinitely many n has P{m)*X also concentrated 
in degrees divisible by d for all m. Similar observations apply to the next corollary; this should 
be compared to [Min02]. 

As an immediate consequence, we recover [RWY98, Thm. 1.2], which complements Theo¬ 
rem 3.9 for spaces. By Example 2.11, this result does not generalize to arbitrary spectra. 

Corollary 3.11. If X is a space with K{n)*{X) even for infinitely many n, then K{m)*{X) is 
even for all m > 0. 

Proof. By Theorem 3.9 for m = 0, P{0)*{X) is even, hence so is K{m)*{X) for all m > 0 by 
Corollary 2.13. □ 

Example 3.12. The spectrum EHQ has trivial Morava AT-theory for all heights n > 0, but 
K{0yT,HQ 7 ^ 0. For a more interesting example, let X = R(Z, 3), then the rational cohomology 
iL(0)*(Y) = Q[x\/x^ with x in degree 3, but K{n)*{X) is even and non-trivial for all n ^ 2 by 
[RW80]. Therefore, the conclusion of the corollary cannot be extended to m = 0. 

Corollary 3.13. If X is a space such that P{m)*{X) is even for some m ^ 0, then K{n)*(X) 
is even for all n > 0. 

Proof. If P{m)*{X) is even, it is also Landweber flat as the connecting homomorphism in (2.1) 
must be zero for degree reasons. Therefore, Corollary 2.13 shows that K{n)*{X) is even for all 
n ^ m + 1, thus Corollary 3.11 applies. □ 

We will need the following lemma about maps of complete modules; a proof in the case 
m = n can be found in Hovey’s unpublished notes [Hov04b] or [BF14], which requires only minor 
modihcations for the general case. 

Lemma 3.14. Suppose M,N are Eat E{m,n)*-modules which are complete with respect to the 
maximal ideal Im,n of E{m,n)*. A map f: M —>■ N is injective or surjective if and only if 
f ®E{m,nY K(n)* is injective or surjective, respectively. 

The next theorem generalizes [RWY98, Thm. 1.17, Thm. 1.18] to all spectra. 

Theorem 3.15. Let f: X —Y be a map of spectra such that both K{n)*{X) and K{n)*{Y) 
are even for n ^ I with / C N inhnite. 
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(i) If f* : K{n)*{Y) — K{n)*(X) is injective (surjective) for all n & I, then so is 

f*: P{m)*{Y) P{m)*{X) 

for all m. 

(ii) Suppose g: Y —> Z is another map with K{n)*{Z) even for all n a I and such that 

o / ~ 0. If 

K{n)*{Z) K{n)*{Y) K{n)*{X) -^ 0 

is an exact sequence for all n a I, then so is 

P{m)*{Z) P{m)*{Y) —^ P{m)*{X) -^ 0, 

for all m ^ 0. 


Proof. Fix some integer m ^ 0. We will prove the surjectivity statement; the argument for 
injectivity is analogous. By assumption and Lemma 2.7, there is a commutative diagram 


K{n)*{Y) 


K{nYf 


K{nY{X) 






K{ny 


■E{m,n)*{X)Z)E(m,nY ^(^) 


Since K(n)*f is surjective, Lemma 3.14 implies that E{m,n)*f is surjective for n ^ I as well. 
Products in the category of modules are exact, so the bottom map in the commutative square is 
also surjective: 

P{m)*{Y) - - -^ P{m)*{X) 

Unei Mm, nriY) ^ Unei Mm, n)*(X). 

Retracts of surjective maps are surjective, hence Corollary 3.4 yields the claim. 

Part (2) follows formally from (1) as in the proof of [RWY98, Thm. 1.18]. □ 


3.3 Applications to the cohomology of free commutative algebras 

In [Kas98, KasOl], Kashiwabara studies the question of when and how BP*{fl°°X) is determined 
by BP*{X), for X a space or spectrum. In particular, he considers two variants E'^bp -^'bp 
of the category of augmented unstable RP-cohomology algebras and the category of stable BPp- 
cohomology algebras, respectively, and shows that there is a left adjoint 

V: M'bp < ' ^oBP ■ Y 

to the augmention ideal functor I. This adjunction should be thought of as being analogous to 
the adjunction (S°° H f}°°) between spaces and spectra. He then shows in [KasOl, Thm. 0.11] 
that, for X a space, BP*{QX) inherits Landweber flatness from BP*{X). Furthermore, if X is 
a connected space satisfying certain conditions, there is a natural isomorphism 

VBP;{X)^BP;{QX), 

see [KasOl, Thm. 0.12]. 
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In this section, we will prove some extensions and variants of Kashiwabara’s results. To this 
end, recall that, if X is a connected space, the Snaith splitting provides an equivalence 

where FT denotes the free commutative algebra on a spectrum Y. Thus our results, which are 
formulated in terms of P, are readily translated and compared to Kashiwabara’s. 

Fix a height n and recall the completed algebraic approximation functor of [Rez09, BF14]; 
This is an endofunctor T®" on the category of complete Fi*-modules together with a natural 
comparison map 

a„(M): T'®^"7r*Lx(n)M —^ 7r*Lj^(„)P®"M, 

where M is an Fi„-module and P®" denotes the free commutative K^-algebra functor. By 
[Rez09, Prop. 4.9], an{M) is an isomorphism whenever M* is flat over K*. By [BF14, Prop. 3.9, 
Prop. A.15], T®" preserves the category of flat Fi*-modules, and it preserves evenness, see [Rez, 
3.2(7)]. Moreover, there is natural decomposition of functors, 

V 

d^O 

corresponding to the analogous decomposition of P®". 

We are now in the position to prove a generalization of [KasOl, Thm. 0.11] to spectra. Note, 
however, that Kashiwabara assumes that BP*{X) is Landweber flat (without evenness) to deduce 
that BP*{VX) is also Landweber flat, so our result is only a partial generalization. 

Proposition 3.16. If X is a spectrum with even Morava K-theory for infinitely many n, then 
BP*(FX) is even and Landweber Eat. 

Proof. Let n > 0 be such that K{n)^{X) is even. Recall that the completed K-homology of X 
is defined as E'if^^{X) = 7r*L^(„)(£'„ A X). The assumption on X implies that E'if^^{X) is flat 
and even by the homological version of Lemma 2.7, see [HS99b, Prop. 8.4(f)], thus the previous 
discussion gives an isomorphism 

an{En A A): T^-El,{X) E^^i^X) 

of flat and evenly concentrated i?*-modules, using the equivalence En A PA ~ P^"(£'„ A A). It 
follows from Lemma 2.7 that K{n)*{¥X) is even as well, so Theorem 3.9 hnishes the proof. □ 

Denote by 

n>0 n>0 

the idempotent given by Corollary 3.4; note that e is not necessarily unique, but we will hx one 
throughout this section. 

Definition 3.17. The RP-based algebraic approximation functor of degree d ^ 0 is con¬ 
structed as the functor 

:= e n {E*^®bp; -): Mod^^p^* ^ Modsp^. 

n>0 

on the category of RPp-modules equipped with a complete topology as in Definition 2.8. We 
then define the total algebraic approximation functor as = n(i>o 
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This allows us to prove an analogue of Kashiwabara’s result [KasOl, Thm. 0.12] exhibiting 
a class of spaces X for which the -cohomology of PX is functorially determined by the 
topological module BP*{X). 

Theorem 3.18. Let X he a space with K[n)^,{X) even and degreewise finite for infinitely many 
n, then there exists a natural isomorphism 

T^^BP*(X) BP*(FX} 

of BP*-modules. 

Proof. Let S be the set of those natural numbers n such that K{n)^{X) is even and degreewise 
hnite. The free commutative algebra functor decomposes into its degree d constituents, 

d^O 

so we obtain a natural commutative diagram 

BP;{FX) -^ YidBP;{rdX) 

lines Kim ^YldUncsKi^dX) 

for any spectrum X. Since is compatible with this decomposition, we can reduce to a fixed 
degree d ^ 0. 

There are natural isomorphisms 

T^^BP;{X) = e n T^’^iE*mP*BP;iX)) 

neS 

= e rj '^d’^iEniX)) by Proposition 2.10 

neS 

= e n 

neS 

^ e -K^LK{n)^d"Bn via JJ aniE^), 

neS neS 

so it is enough to understand in terms of E*{FdX). By [HS99b, Thm. 8.6], a 

spectrum X has degreewise finite K[n)^,{X) if and only if X is dualizable in the iL(re)-local 
category; we write Dx(n) for P"(n)-local duality. Therefore, we obtain: 

'P*LK{n)^ d'^ Bn — 'P*E K{n)^ d" Kn ^ EK{n)^) 

— P*LK{n)iEn A FdDK{n)K 
— P*LK{n)iEn A 

= P*LK(n)Em 

^E*^{FdX). 

Here, the third isomorphism uses the fact [GS96] that homotopy orbits agree with homotopy 
fixed points with respect to a finite group G in the iL(n)-local category, i.e., Y^g 
iL(n)-locally. Moreover, the fourth isomorphism can be seen as follows: Because X is dualizable, 
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K{n)t,{X) is degreewise finite, hence so is as K{n)^,{BT,d) is degreewise finite. 

Using [HS99b, Thin. 8.6] once more, we see that is also iir(n)-locally dualizable, giving the 
fourth isomorphism above. 

Putting the pieces together, we obtain 

T^/BP;{X) - e n 

n£S 

- e H E*{F,X) 

n£S 

^ BP;{FdX), 

hence the claim. □ 

Note that having degreewise finite Morava X-theory is less restrictive than one might think. 
For example, all finite CW complexes satisfy this condition. For a different class of examples 
including classifying spaces of finite groups and Eilenberg-Mac Lane spaces K{Z/p,l), recall 
that a TT-finite space is a space with only finitely many nonzero homotopy groups all of which are 
finite. By [HS99b, Cor. 8.8], vr-finite spaces are iL(n)-locally dualizable, hence have degreewise 
hnite Morava X-theory as well. Finite CW complexes with even cells and many vr-finite spaces 
satisfy the evenness condition as well. 

We should, however, remark that we do not know the precise relation between our condition 
and Kashiwabara’s assumption of well-generated BPp-cohomology. In fact, Kashiwabara’s result 
is somewhat sharper, in that his functor V is computable in an entirely algebraic fashion, as 
demonstrated in [KasOl]. 

Remark 3.19. The hypotheses in Theorem 3.18 can be weakened if one is willing to work with 
a version of that incorporates a continuous dual. To be more precise, Hovey [Hov04a, 
Thm. 5.1] shows that, for spectra X with flat completed E^-homology E^„^(X), there is a natural 
isomorphism 

E;(X) ^ Hom^* (EV^(X), E;). 

Passing from cohomology to homology is more subtle, however, and requires that we take into 
account the topology on E*(X) coming from the skeletal filtration on a CW spectrum X. In [Str, 
Section 7], Strickland proves 

El,{X) ^}lom%.iE*{X),E*J 

when X is a CW spectrum with free E^{X), where Hom'^ denotes the module of continuous ho- 
momorphisms. Together, these two isomorphisms can be used to translate the statement into one 
about completed homology, to which the algebraic approximation functor T®" applies directly. 

We end this section by giving a different criterion for when P{m)*{X) is even and Landweber 
flat. Let : Top —^ Sp be the Bousfield-Kuhn functor, which was constructed in [Bou87] for 
n = 1 and, using the periodicity theorem [DHS88, HS98], for arbitrary n in [Kuh89]. This functor 
gives a factorization 

Lk(^)X ~ $„L1°°X 

for any spectrum X; in fact, this can be improved to factor the telescopic localization in the 
analogous way, but we will not need this here. For X G Sp, Kuhn [Kuh06] uses <I>„ to produce a 
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(weak) map 


L^(,)PX ^ LKin)^^n°°X 
which induces a natural monomorphism 

K{n)^{¥X) ^ K{n)^{n°°X). 

As an easy consequence, we get: 

Proposition 3.20. Let X he a spectrum such that K(n)^Cl°°X is even for infinitely many n, 
then P{m)*{¥X) is even and Landweber Eat for all m. 

Proof. By assumption, Kuhn’s map Sn(-A)* shows that K{n)^,{¥X) is even, hence Theorem 3.9 
applies. □ 


3.4 Equivalent characterizations of good groups 

Now let G be a finite group. For the purposes of this paper, a group G is called good if the 
Morava K-theories K[n)*{BG) are even for all n ^ 0. Note that this notion of good is a priori 
weaker than the one given in [HKROO], but conjectured to be equivalent. The following definition 
first appeared in [SYOl] for m = 0. 

Definition 3.21. A finite group G is called P(m)-good if the P(m)-cohomology of its classifying 
space BG is concentrated in even degrees and is Landweber flat. 

Note that it follows from Lemma 3.8 that a group is P(0)-good if and only if BP*[BG) is 
even and Landweber flat. We now see that the various notions of good groups coincide, thereby 
revealing the global nature of goodness for finite groups. 

Proposition 3.22. For a Enite group G, the following conditions are equivalent: 

(i) G is good, 

(ii) K{n)*{BG) is even for inEnitely many n ^ 0, 

(iii) G is BPp-good, 

(iv) G is P{m)-good for some m ^ 0. 

Proof. The implications (1) (2) and (3) (4) are trivial. Theorem 3.9 gives (2) => (3), 

while (4) (1) follows from Corollary 3.13. □ 

This result generalizes work of Kono and Yagita in [KY93] for finite groups. 


4. Bounded torsion results for the Morava E-cohomology of finite groups 

In this section we study the rationalization of the EP-cohomology of certain finite groups by 
working with the rationalization of the split inclusion of Corollary 3.4 

Q ® BP;{X) ^ Q 0 llE*^{X). 

n 

There is a close analogy to number theory. The right hand side is a kind of p-local adeles in the 
stable homotopy category. Just as in number theory, we use these p-local adeles to study more 
global phenomena (the left hand side). The purpose of this section is to produce a factorization 
of Q Cl BP*{X) when X = BA or A = BTim by lifting a factorization of Q (C On ^^{X). For 
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instance, in the case X = BA, we factor Q ® WE^[BA) by proving that the cokernel of the 

n 

canonical map 

l[E*^iBA) ^ n n 

n n HCA 

has bounded torsion, where I is the image of a transfer map. In this section, we will always 
work with the p-complete version of the Brown-Peterson spectrum; for simplicity we shall write 
BP = BPp for this spectrum. 

4.1 Cyclic groups and Sp — a toy case 

In this subsection we present some elementary observations that provide evidence for general 
bounded torsion results. Therefore, this subsection works backwards from the subsections that 
follow it. It uses BP-cohomology to give bounded torsion results for Morava Pi-theory. 

Recall that, after choosing a coordinate, there is an isomorphism 

BP*{BZ/p^) ^ BP*lxj/\p’^]{x), (4.1) 

where \p^]{x) is the p^-series for the formal group law associated to BP. 

For any formal group law, it is standard to set 

(/)(x) = [p"](x)/[/-i](x) = {p)i\p’^-^]{x)) 

so that 

BP\B%Ip^)I 1 ^ BP*lxj/{p^)ix), 

where I C BP*{B'L/p^) is the image of the transfer along 'Llp^~^ C This fact is a 

consequence of Quillen’s [Qui71, Proposition 4.2]. There is a canonical map 

BP*{BZ/p ’^)—^ Yl BP*{BZ/p>)/I 

given by sending 1 to (1,... , 1) and x to (0, x,x,... , x). 

The following proposition is well-known. 

Proposition 4.1. There is an isomorphism 

Q^BP*{BZ/p^) Yl BP*{BZ/p>)/I. 

O^j^k 

Proof. For any formal group law there is a factorization 

[f-iw = n 

and we will show that the factors are coprime in the rationalization; the Chinese remainder 
theorem will then imply the claim. We may write {p){x) = p + f{x) for some power series f{x) 
with x\f{x). This implies that 

H(x) = [p^-i](x)(p + /([p^-i](x))), 

hence 

{p^){x)=p + f{\pi-^]ix)). (4.2) 

But now if t < j, we have (p^)ix)\\p^~^]{x) by definition, so that 

{p^){x)\f{{p’-^]{x)) 
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and using (4.2) 


p= (jp^){x) - (p^){x) 


{p^){x) 


□ 


The Morava £i-cohomology of Bhlp^ satisfies an isomorphism as in Equation 4.1. Let Ge^ 
be the formal group associated to Given a coordinate x on Ge„, there is an isomorphism 


where [p^] {x) is the p^-series for the formal group law x V induced by the coordinate. It 

is worth noting that the Weierstrass preparation theorem implies that this ring is a free E*- 
module of rank This is very different from BP*{B'E/p^), which is infinitely generated as a 
ilP*-module. 


Corollary 4.2. There is an isomorphism 

q^IIe:{bz/p’^)^q®11 h e:ix}/{p’){x). 

n>0 n>00^j^k 

Proof. We will prove the easiest case for clarity. Fix a height n and let A: = 1, then with a 
coordinate this is the map 

E*Jxy\p]{x)^E:xE*Jxj/{p){x) 

sending x !->■ (0, x) and where [p](x) now indicates the p-series for the formal group law associated 
to En- We may write down a basis for each side. For the left hand side we have the basis 
{1, X,..., and for the right hand side we can take the basis 

{(l,l),(0,l),(0,x),...,(0 ,xP"-2)}. 

It is clear that the basis elements {(1,1), (0, x),... , (0, are hit under this map. Dividing 

by a power of p is required to hit the basis element (0,1). But BP provides a global element 
that hits (0,1) at each height n. It is the element (using the notation of the proof of the previous 
proposition) 

-f{x)/p- 

Thus we see that we only need to divide by p once in order to establish an isomorphism for all 
n. For A: > 1 the proof is similar, but we need to divide by p^. For instance, when k = 2 

-filpKx)) eA (0,0,p) 

-/(x) hA (0,p,p(x)), 

where g{x) is some polynomial. This implies that 

-hh + LMWMh ^( 0 , 1 , 0 ). 

p p^ 

Finally we see that the cokernel of the map 

he^bz/p^) ^ n n KM/{p^){x) 

n>0 n>00^j^k 

is all p^-torsion independent of the height. Thus the map is a rational isomorphism. □ 
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To prove a similar result for Sp, we need to recall a few basic results regarding Let 

I C E^{BTip) be the image of the transfer along e C Sp. For each n € N, the natural map 

E^iBEp) ^E*^x E*{BEp)/I 

is injective and induces an isomorphism 

Q ® EliBEp) A Q ® (i?* X EliBEp)/!). 

Injectivity can be seen by considering Rezk’s pullback square [Rez09, Proposition 10.5] 

E*{BEp) - ^E*iBEp)/I 

K - -K/p 

and the isomorphism follows by applying Q ( 8 ) — to the pullback square above using that Q is a 
flat Z-module. 

By considering the homotopy pullback of Be C BEp along RZ/p —> BT,p (the key point is 
that |Sp/(Z/p)| is coprime to p), one can see that there is a canonical map 

E*iBEp)/I ^ E^iBZMlL 

Lemma 4.3. There is an isomorphism 

Q 8 X{El{BEp) A Q 8 K{BT.p)/I, 

n n 

where I is the ideal generated by the transfer from the trivial group. 

Proof. Let CokE^(Sp) be the cokernel 

0-- E*{BEp) -- R* X Ef{BEp)/I -- CokE„(Sp)-- 0. 

We will show that Cok£;^(Sp) is all p-torsion with exponent 1, i.e., that it is annihilated by 
multiplication by p. 

There is a stable splitting 

E’^BZ/p ~ S^RSp X Y 

for Y some spectrum. Applying R-theory to this yields a commutative diagram 
E*iBZp)^ - ^E* X E*{BZp)/I --CokijjSp) 

i 

ElBZ/p^ -- El X El{BZlp)II Cok^jZ/p) 

in which the hrst vertical map i is split injective (by the stable splitting above). Since ElBZ/p 
is free, the cokernel of i is projective, hence p-torsion free. Since Q 8 Cok£:^(Sp) = 0, the kernel 
of the map CokE^(Sp) —>■ Cok£;^(Z/p) must be torsion. Therefore the snake lemma implies that 
the kernel of the right vertical map Cok£;^(Sp) —>■ Cok^^(Z/p) must be a torsion subgroup of a 
torsion free module and hence is zero. Thus Cok£;^(Sp) is a subgroup of CokE^(Z/p). The claim 
now follows from Corollary 4.2. □ 

4.2 Commutative algebra 

In this subsection we prove some basic facts about integer torsion in modules. 
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The following lemma is part of a well-known collection of facts that go under the title “fracture 
squares”. 

Lemma 4.4. Let R = Lx[t)En — ^for t > 0 and let S be a subset of 
R — (p), then there is a pullback square of commutative rings 

R - ^{S-^R)^ 

Q^R - ^Q®iS-^R)^. 

Moreover, for any finitely generated free R-module M there is a similar square given by tensoring 
the pullback square with M. 


Proof. The square in the proposition is the composite of two squares: 

R -^ S-^R -^ iS-^R)p 

Q^R -^ Q ® S-^R -^ Q ® {S-^R)^. 


The right-hand square is an “arithmetic square”. It is a pullback square by applying [DG02, 4.12, 
4.13]. In [DG02], they show that the derived functors of localization and completion fit into a 
homotopy pullback square. The result we want is recovered by noticing that S~^R is free as an 
S^^ii-module so Hq{S~^R) = S~^R and that the derived completion and ordinary completion 
agree because S~^R is Noetherian. 

The left-hand square is a pullback by direct computation. Let ^ G S~^R and ^ G Q G 
such that 

^ = - G 

qK pi 

where r, r' G R. Thus s^r' = pV and 

pi 

k / 

But this implies that G R since the map is an inclusion. Since R is an integral domain and 
s is, by definition, not in the ideal generated by p, 

p^\r' G R. 


Now r'/p^ is the pullback. 


□ 


f 

Lemma 4.5. Let M —> N be an injective map of finitely generated free R-modules. If x tz N 
has the property that p^x G im / and s^x G im / for s ^ S, then x G im /. 

Proof. It suffices to set k = I = 1. We will use Lemma 4.4. There are mi,m 2 G M such that 
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^ € S ^Mp maps to x and ^ € p maps to x. Now consider the commutative cube 



p-^N - ^p-^{S-^N^). 


The front and back faces are pullback squares. The elements ^ and ^ must agree in p~^{S~^Mp) 
and thus there is an element m ^ M that maps to both of these. By commutativity we must 
have that f{m) = x. □ 


By the torsion of an i2-module M we will always mean the set of elements x G M such that 
nx = 0 for some nonzero n G N. 


Definition 4.6. For an abelian group M let e(M) be the exponent of the torsion in M. That 
is, let K be the kernel of M —>■ Q 0 M, then e(M) is the minimum number n G N U {oo} such 
that nK = 0. 


Proposition 4.7. Let R be a Noetherian ring and M he a finitely generated R-module, then 
the torsion in M is bounded. 


Proof. Let K be the kernel 

0 —> K —> M — > Q0 M = {Q0 R) ^rM. 

The i?-module K is finitely generated since R is Noetherian and M is finitely generated. Choose 
generators fci, ..., km of K] there exists an n such that nki = 0 for all i. Now any element of K 
is of the form ^ rjfcj and this is also killed by n. □ 

Proposition 4.8. Let R be a torsion-free Noetherian ring. Let f: N ^ M be an injection of 
finitely generated free R-modules and let A : M ^ M x M be the diagonal, then e(Cok(/)) = 
e(Cok(A/)). 


Proof. Consider the map of short exact sequences 


N -^ M-^ Cok(/) 


A 


9 


N -^ M X M-^ Cok(A/). 


The diagonal A is a section of the projection onto a factor and the left vertical arrow is an 
equality so g is an injection. Thus there there is an induced map Cok(A/) —^ Cok(/) such that 
rg = 1 . Since integer torsion is sent to integer torsion, this implies that the map induced by g on 
integer torsion is a split injection. It is an isomorphism since a torsion element must be of the 
form (m, m) ^ M x M with {nm, nm) G AfN and thus the kernel of r is trivial. □ 
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Proposition 4.9. Let R be Noetherian and torsion free. For a Eat R-algebra T and a Enitely 
generated R-module M, e(M) ^ e{T <Sir M). IfT is a faithfully Eat R-algebra then there is an 
equality e{M) = e{T M). 


Proof. Assume that e(M) 
the exact sequence 


n and let [re]: M —)• M be the multiplication by re map. Consider 


K 


M 


im re 


0 , 


where K is the torsion in M. Base change to T gives a short exact sequence and T ^r im[re] is 
necessarily torsion free, thus 


e(T i^R K) = e(T ®r M) ^ re. 

If T is faithfully flat then K —> T <8 )r K is injective ([Lam99, 4.74,4.83]), so e(T M) = 
e(M). □ 


Corollary 4.10. Let R be as in Lemma 4.4, let T be a faithfully Eat {S ^R)p-algebra, and let 

f 

Af —>■ N be a map of Enitely generated free R-modules, then 

e{N/im.f) = e(T ®r (iV/im/)). 


Proof. By Lemma 4.5 the torsion in N/ imf is contained in the torsion of {S ^R)p N/ im /, 
so 

e{N/imf) ^ ®RN/imf). 

Also {S~^R)p is a flat extension of R and this gives the reverse inequality. Since T is faithfully 
flat, base change to T is injective. Thus we have have equalities 

e(lV/im/) = e{{S~^R)p ^RN/imf) = e{T ^r (IV/im/)) 

by Proposition 4.9. □ 


4.3 A few hand-crafted cohomology theories 

In order to prove the bounded torsion results for £'-theory we make use of several Pin-algebras. In 
this section we construct the Pin-algebras that we need and prove or recall some basic properties 
of them. This relies heavily on ideas from [BS16]. 

Let Pi = Pi^(i)Pln (it does depend on re) and recall from [Hov97, Cor. 1.5.5] that 

TToPl = W{k)Iui,. . . ,ren-ll[wr^]p- 

This is a flat Pl]]-algebra. Recall that we may localize an Ploo-ring spectrum i? at a prime ideal 
P C ttqR by inverting every element in ttoR — p; we write Rp for the localized ring spectrum. 
Dehne 

-^1 = LK{l){{En){p))] 

by inverting all of the elements away from p = (p) and then Al(l)-localizing the resulting spec¬ 
trum. Note that this inverts ui,..., Un-i. The ring spectrum Pi is an even-periodic Landweber- 
exact Poo-ring such that 

TToPl = Pi° = ((P°)(p))P. 

Since Pi is Pr(l)-local there is a canonical map 

Pi ^Pi 
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inducing the obvious map on coefficients. This suggests 
that 

((Li)(p))P A Fi 

by considering the quotient of this ring by powers of p. 
with {R,S) = {E*,E* - ip)) or {R, S) = {Lm - {p)). 

Now let G be a finite group. 

Proposition 4.11. The canonical map 

Fi Al, Lf« ^ Ef^ 

is an equivalence natural in G. 

Proof. The proof follows the proof of Proposition 6.2 in [BS16]. It is clear that the map is natural. 
To prove it is an equivalence, the main idea is to note that the smash product one the left is 
il'(l)-local and then use the ir(l)-local self-duality of classifying spaces of finite groups. □ 


another construction of Ei. It is clear 


This allows Corollary 4.10 to be used 


Following ideas in [BS16] based on work of Hopkins in [Hop], we further define 

A = -^A'(I)(-^l 

where Kp is p-adic ifT-theory. We do not have much of control over the coefficients of this ring 
spectrum. However, following Proposition 5.8 of [BS16], Fi does have the following very desirable 
property: 

Proposition 4.12. The ring of coefficients of Fi is faithfully flat as a K*-module and as an 
Ff-module. 

Proof. This follows from the proof of Proposition 5.8 in [BS16] which relies on the important (and 
somewhat surprising) Proposition 3.13 which extends an argument of Hovey’s in [Hov04b]. Both 
module structures are faithfully flat because K* and Ff are both complete local Noetherian. □ 

Proposition 4.13. For a finite group G, there are natural equivalences 

El ^ Fi Ak, 

Proof. This also follows the proof of Proposition 6.2 in [BS16], using Proposition 4.12. □ 


Now let F C G so that we have a transfer map E^^ E^^ for any cohomology theory E. 

Proposition 4.14. Let E and F be E^o-rings and let F be an E-algebra. There is a commutative 
square 

F Ae E^^ -^ F^^ 


F AeTt 

F Ae E^^ 


Tr 

■F^^. 


Proof. The map of Foo-rings F 


F and the transfer map ETBH —)■ TTBG induce a 


commutative square of function spectra 


E^h. 

Tr 

EBG. 


F^h 

Tr 


and now we may base change the left hand side to F over E. 


□ 
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Let E be any cohomology theory, let Hi,... ,Hm C G, and let I C E*{BG) be the ideal 

Tr 

generated by the image of the transfers E*{BHi) —> E*{BG). This is the image of the map 

^E*{BHi) ^ E*{BG). 

i 

Proposition 4.15. Let E = Kp, Li,Ei or Fi, let Hi,, Hm C G, and let I C E*{BG) be the 
associated transfer ideal. There are isomorphisms 

f; L*i{BG)/I A E^BG)/! 

and 

F^{BG)/I A F^{BG)/I A ®k* k;{BG)/I. 

Proof. The first isomorphism follows from the previous proposition and Proposition 4.11, and 
the second isomorphism follows from the previous proposition and Proposition 4.13. □ 

In the next section we will make use of character theory for Morava F-theory. This will make 
use of two more F„-algebras. The first was introduced in [HKROO] and the second was introduced 
in [Stal3]. 

Let Ak,n = The F„-algebra Cq is constructed in Section 6.2 of [HKROO]. It is a 

p~^En-algebra and may be constructed as an F„-algebra as a localization of the colimit 

colim • 

k 

The commutative ring Cq is faithfully flat as a Q{8)-B^-algebra. The point of the construction (and 
this is Theorem C of [HKROO]) is that, for any finite group G, there is a canonical equivalence 

Co Ff« ^ Co Ap-IE^ 

where C{—) = hom(FZp, —) is the p-adic free loop space functor. Since p~^En is rational and 
Cq is faithfully flat as a p“^F*-algebra, the target is equivalent to 

n Co. 

ttoC^BG 

The F„-algebra Ci is built (as a commutative ring) in [Stal3] and as an F„-algebra in [BS16]. 
It is a F(l)-local Li-algebra which is given as the p-completion of a localization of the colimit 

colim Li Ae„ fA’"“'. 
k 

The point of the construction (and this is a special case of the main theorem of [Stal3]) is that 
there is an equivalence 

Cl Ae^ E^^ ^ Cl Al, 

Since Gf is flat as an F*-algebra and faithfully flat as an F^-algebra, applying vr* to this equiv¬ 
alence gives the isomorphism 

G*i E*iBG) A Cl* L*i{£^-^BG). (4.3) 

The iterated p-adic free loop space of FG is a disjoint union of classifying spaces of certain 
centralizer subgroups of G and this is how the codomain is most easily understood explicitly. Let 

hom(Zp, G)/ ~ 
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be conjugacy classes of continuous maps from Zj, to G, then 

Cl* ^ J] Cl* 0L* Ll{C^-^BG{ima)), 

[a]ehom(ZP"bG)/~ 

where C(imQ;) is the centralizer of the image of a choice a G [a]. 

The equivalences above behave well with respect to transfers. Formulas can be found in 
Theorem D of [HKROO] and [Stal5, Theorem 2.18, Theorem 3.11]. 

4.4 Bounded torsion in C-theory 

In this subsection we prove that rational factorizations of the Morava Fl-cohomology of finite 
abelian groups and symmetric groups hold integrally up to a torsion cokernel with a height- 
independent bounded exponent. We do this by putting together the tools developed in the last 
two subsections. 

When we write I C E*{BA) for an abelian group A we will always mean the ideal generated 
by the image of the transfer along proper subgroups of A. When we write I C E*{BTijn) we 
will always mean the ideal generated by the image of the transfer along the proper partition 
subgroups Sj X Sj — > where i + j = m and i,j > 0. 

We will begin with symmetric groups. First we will set up the algebro-geometric objects that 
witness the rational factorization. 

Let A h m be a partition of m. We write 

A = UlAi + a2A2 + . . . + Clk^ki 

where A* < \j when i < j, a* G N, and the value of the sum is m. To ease notation, we write 
X ... X and Sq = x ... x Furthermore, let Ix be the ideal in E*{BTix) 

generated by the individual transfer ideals I C E'l^^BTix^). That is, I\ has the property that 

E*^{BEx)/Ix = (g)(C*(BS,J//)®“y 

i 

Furthermore, there is an action of on the tensor power 

For each tensor factor, we will take the fixed points by this action and denote the result by 

{E*^{BEx)/Ixf^- = 

i 

This commutative ring can be understood algebro-geometrically by a theorem of Strickland’s. 
In [Str97], Strickland proves that E^{BT,m)/1 is a finitely generated free Fl*-module and produces 
a canonical isomorphism 

SpiiE*^{BEm)/I) = Sub™(GEj, 

where Subm(G£;^) is the scheme classifying subgroup schemes of order m in G^;^. It is worth 
noting that this is the empty scheme if m is coprime to p. The scheme associated to the ring 
that we are interested in is built out of Subm(Gs„). Thus we may define 

SubAhm(GEj = Speci{E*^{BEx)/hf^) 
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The point of the notation Sub^Fm is that this scheme represents unordered sets of 

subgroups of Ge„ in which a* of the subgroups have order A*. This scheme theoretic description 
is not essential to the proof of the result. However, one of the goals of decomposing BP*{BTim) 
rationally is to suggest that it may have a tractable algebro-geometric description. 

Let r(— ) be the functor that takes a scheme to the ring of functions on the scheme. There is 
a canonical map 

^rSubAF,n(GEj 

induced by restriction. The only part to check here is that it actually lands in the fixed points, 
but this is clear as there is an inner automorphism of that permutes the Oj groups of the 
form Sa; sitting inside of 

Proposition 4.16. The canonical map 

El{BTm) nrSubAFm(Gi5j 

Ahm 

is injective and a rational isomorphism. 


Proof. This is a basic application of HKR-character theory [HKROO]. R is clear that the map is 
an isomorphism after base change to Cq. The resulting ring is the Gq- valued functions on the set 

Sum^(Qp/Zp = H SnhxrmiQp/T.;). 

Ahm 


But Cq is a faithfully flat p ^Pi*-algebra, so the map is a rational isomorphism. 


□ 


Most of the results of Sections 4.2 and 4.3 will go into the proof of the next theorem. We 
will use the method of the proof twice more in Theorem 4.18 and Proposition 4.24. The idea of 
the proof is the following; We will begin with a short exact sequence with a torsion cokernel. We 
will apply character theory to height 1 and use faithful flatness to get a short exact sequence in 
Li-cohomology. In this case, the cokernel will be a product of cokernels of maps. The sorts of 
maps that can occur are bounded by the number of centralizers of tuples of commuting elements 
in Sm. However, Fi depends on n, so we do not have complete control over the cokernel as n 
varies. We will extend to Fi and then use faithful flatness to change the product of maps to a 
product of maps in iLp-cohomology. Now we are in a situation that is height independent, the 
number of maps that can appear in the product is bounded, and the cokernel of each map is 
bounded torsion. 

Theorem 4.17. The cokernel of the map 

FliBFm) n^SubAF„^(GEj 

Ahm 

is torsion with exponent bounded independent of the height n. 

Proof. Note that both the source and the target are finitely generated free G^-modules and the 
map is an injection. The cokernel Cok£;^(Sm) is a torsion £'*-module. We will repeatedly base 
change the short exact sequence 

0 ^ F*^{BFm) ^ CokE„(S^) ^ 0 

Ahm 
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to prove the result. Base change to (a flat £'*-algebra) and Equation 4.3 give the short exact 
sequence 

n Lt(BC(im/3)) -^ n rSubAhm(Gci © Qp/z;-^) -- GJ ©L- Lf CokfijE^). 

[/ 3 ]eHom(Z^-hi;™)/~ 

We have used that the scheme classifying subgroups behaves well under base change (Theorem 
3.11 in [Stal5] is particularly relevant). Corollary 4.10 implies that the exponent of the torsion 
cannot have changed. By faithful flatness (Proposition 4.9), we may remove the C* without 
changing the exponent of the torsion. Thus we arrive at the short exact sequence 

[]Lt(BC(im/3)) ^ []rSubAhm(GL, ©Qp/Z”-i) ^ L*, ©g* CohejS™). (4.4) 

[ P ] Ahm 

By the fact that the first and second terms are finitely generated and free, we may apply Corol¬ 
lary 4.10 to base change (4.4) to without changing the exponent of L\ ®e* Cok^„(^). We 
may then further base change to (which is faithfully flat over F^ by Proposition 4.12) giving 

llF^{BC(im(3)) []rSubAP„^(G^^ ©Qp/Z”-i) ^ F^ CokES'^m)- 

[ P ] Ahm 

Now Proposition 4.13 gives the short exact sequence 

[JEi* nrSubAhm(Gj?^ © Qp/Z""^) ^ FI ©s* Cok^jS^). 

[ P ] Ahm 

By the naturality of the equivalence, the first map in the sequence is induced by restriction maps. 
Let 

MA,n = Cok([{K;{BC(\uip)) J];rSubAhm(G^ ©Qp/Z”-1)), 

[ p ] Ahm 

then 

Fi MA,n — F* ©E* CokE„{T.m)- 

By Proposition 4.9, it suffices to show that the torsion in MA,n is independent of n. The map 

niL;(BC(im/3)) ^ nrSubAhm(G™©Qp/Z^-^) 

[ P ] Ahm 

is the ring of functions on the canonical map 

]J SubAhm(G™©Qp/Z--i) ^ Spec(E:;(/:-iBS^)). 

Ahm 

There is a commutative triangle 

u SubAhm(G™ © Qp/Z--1)-- Spec(JC;(/:-iBS™)) 

Ahm 



Sum,gm(Qp/Zp ^), 

where 

Sum^m(Qp/2p“^) = C Qp/Zp“^ and ^ \Hi\ ^ m} 

i 

is the set of formal sums of subgroups in Qp/Zp“^ with order ^ m. For each element a € 
Sum^m(Qp/^p~^)) the map that lives over a is a rational isomorphism (and an injection after 
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applying r(— )). Thus it suffices to prove that, regardless of the choice of n, there are only finitely 
many different maps that can appear as fibers. This is essentially a consequence of the fact that 
there are only finitely many groups that are centralizers of 


To make this precise, note that there is an action of Aut(Qp/Zp“^) on the triangle. This 
action must send the map over a € Sum,gm(Qp/^p~^) to a map with the same exponent of the 
torsion in the cokernel. The action of Aut(Qp/Zp“^) is compatible with the inclusion of triangles 


n—1 


induced by the inclusion of QplT^p 

any sum of subgroups of size ^ m in Qp/Z” is isomorphic to a sum of subgroups in Qp/Zp 


Qp/Zp as the first n — 1 summands. For n large enough 


n—1 


under this action, and this finishes the proof. 


□ 


It is worth noting that this could probably be factored further using Strickland’s schemes 
called Type and Theorem 12.4 in [Str97]. 

Now we turn our attention to an analogous theorem for level structures. The theory of level 
structures for a formal group is developed in [Str97]. We make use of it now because there is a 
close relationship between E^{BH)/I and TLevel(77*, where H* is the Pontryagin dual 

of H. In [AHS04], it is proved that the image of E*{BH)/I in Q 0 E*[BH)/1 is canonically 
isomorphic to TLevel(77*, G^^). 

Theorem 4.18. For A a finite abelian group, the cokernel of the map 

E*iBA) nrLevel(77*,GEj 

HCA 

is torsion with exponent bounded independent of the height n. 

Proof. Since the argument is similar to the proof of Theorem 4.17, we only point out the differ¬ 
ences. We can again reduce to showing that the torsion in 

MA,n = Cok([lK;{BA) rLevel(F*,G^ © Qp/Z^”^)) 

/3 HCA 

has exponent independent of n. To this end, note that the map 

IIk;{BA) rLevel(F*,G^ © Qp/Z^-^) 

/3 HCA 

is obtained by taking global sections on the canonical map 

]J Level(77*,G™ © Qp/Z^-^) M Hom(A*,G^ © Qp/Z""^). 

HcA 

It is a product of ring maps since we have the following commutative triangle 
u Level(77*, G^ © Qp/Z^-i)-- Hom(A*, G^ © Qp/Z^-i) 

HcA 



Hom(A*,Qp/Z--i) 

and Hom(A*,Qp/Zp“^) = Hom(Zp“^,A) is a set and thus disconnects the horizontal map. The 
diagonal arrow sends a level structure H* Gm © Qp/^p”^ to the composite 

A* ^H*^Gm(B Qp/^r'- 

Let fjs be the fiber over (3. It is a map of schemes. It is clear that there is an action of 
Aut(Qp/Zp“^) on the triangle above. This implies that the fibers over maps /3, (3' G Hom(Zp“^, A) 
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with im/3 = im f3' are isomorphic. Thus the exponent of the cokernel of r(/^) equals the exponent 
of the cokernel of r(/^/). Adding another Qp/Z^ to the constant etale part does not affect this 
in the sense that the induced inclusion 

Hom(A*,Qp/Z"-i) ^Hom(A*,Qp/Zp 

lifts to an inclusion of triangles. As n increases above the number of generators of A, e{MA,n) 
remains constant. The hbers over all of the maps in Hom(A*, Qp/Z”) are isomorphic to the hbers 
over maps that were already there in Hom(A*, Qp/Z””^). Thus the exponent of the torsion in 
MA,n is bounded independent of n. □ 

The proof of the following result is given in the appendix, due to Jeremy Hahn. 

Proposition 4.19. Let H he a finite abelian group. The exponent of the torsion in 

is bounded independent of the height n. 

Corollary 4.20. If A is a finite abelian group, then the map 

llE*^{BA) ^ n n 

n n HCA 

is a rational isomorphism. 

Proof. Consider the composite 

1[e:{BA) ^ n n ^ n n rLevel(F*,GEj. 

n n HCA n HCA 

By Proposition 4.19 the second map is a rational isomorphism and by Theorem 4.18 the composite 
is a rational isomorphism. Thus the first map is a rational isomorphism. □ 

4.5 BP-cohomology of abelian and symmetric groups 

We show that the rational decomposition of Theorem 4.17 extends to a rational decomposition 
of PP-cohomology. 

Lemma 4.21. Let G be a finite group and let Hi,..., Hm C G be subgroups. Let I be the 
ideal generated by the image of the transfer maps along the inclusions Hi C G. There is a split 
inclusion 

BP*{BG)/I -^ \{Ef{BG)/I 

n>0 

which is compatible with the map of Corollary 3.4. 

Proof. Let Hi,... H^ C G be subgroups and consider the commutative diagram 
0PP*(PPi) - ^BP*{BG) - ^BP*{BG)/I -^0 

i 4 A 

nn>o eK(BH,) - 

On>0 E*(BG) -^ nn>0 K(BG)/I -^ 0, 

i 

where I denotes the transfer ideal generated by Hi,..., H^. The dashed arrows are the retracts 
which exist by Corollary 3.4, and the transfers make the left square commute by naturality 
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and the fact that the splitting exists on the level of spectra. Therefore, the maps between the 
quotients exist and the resulting retract is compatible with the rest of the diagram. □ 

Consequently, for any symmetric group we have a commutative diagram 
^ Ahm i 

A 

I I 

\ I \ " 

n >0 n > 0 X\-m i 

n>0 n>0 Ahm i 

In Theorem 4.17, we showed that the middle horizontal map is an isomorphism 
easy consequence that the top map is an isomorphism. 

Corollary 4.22. There is a rational isomorphism 

BP*{BTm) ll{BP*{BTx)/hf^. 

Ahm 

Corollary 4.23. There is a rational isomorphism 

BP*{BA )—^ YIbP*{BH)/I. 

HCA 

Proof. The argument is similar to the proof of Corollary 4.22. 


. Now it is an 


□ 


4.6 Artin induction for BP 

It is not hard to use the methods of the previous subsections to prove an Artin induction theorem 
for BP. We do this by transferring the result for En (due to [HKROO]) to BP. Stronger results 
than this have been known for some time (Theorem A in [HKROO] applies to all complex oriented 
theories). 

Let A{G) be the full subcategory of the orbit category of G consisting of quotients of the 
form G/A, where A is an abelian p-group. 


Proposition 4.24. For G a good group, the canonical map 


is a rational isomorphism. 


BP*(BG) —^ lim BP* (BA) 
AGA(g) 


Proof. Because G is good there is no integral torsion in BP*(BG). This follows immediately 
from the injection 

BP*{BG) -A YlE^^iBG). 

n 

Character theory for good groups [HKROO] implies that the natural map 

\\e*^{BG) rr lim E*^{BA) 
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is injective and, since limits of split injections are split injections, the canonical map 

lim BP* (BA) —^ TT lim E*(BA) 

A€A{g) 

is injective. 

We are interested in the commutative diagram 


0 


BP*{BG) 

A 

I 

\ '' 


W^^,E*^{BG) 


{BA) 

A 

I 

\ 


On>0 limAg.A(e) B*{BA) 


Gbp -^ 0 

4 


]\Ce„ -^ 0. 


Since the left vertical arrow is injective and the second bottom horizontal arrow is injective, 
the natural map 

BP*{BG) —> lim BP*{BA) 

A&A{g) 

is injective. This implies that the top sequence of maps is short exact. Thus it suffices to prove 
that Gbp is torsion. 

This implies that it suffices to show that Ce^ has exponent bounded independently of the 
height n. By Theorem A of [HKROO], the abelian group Ce^ is torsion. 

Note the map of short exact sequences 

E*iBG) -- lim^g^(g) E*{BA) -- Ce„ 


E*{BG) -- nE*{BA) - ^De^, 

AcG 

where De„ is the cokernel. The first two vertical arrows are injections (the first is an equality), so 
the right vertical arrow is an injection. Thus it suffices to show that the exponent of the torsion 
in De^ is bounded independent of n. 

To bound the torsion we apply character theory to height 1. Since is a flat i?*-module we 
get a short exact sequence 

G*, e:{BG) ^ n ^n{BA) Gl De^. 

AcG 

Now we may follow the argument in Theorem 4.18 to reduce to p-adic if-theory. This leads to 
considering the cokernel of the following injection 

l[K;iBG{ima))^ l[l[K;iBA). 

[a] AcG p 

If we fix a conjugacy class [a: -A G] then there is a map K*{BG{im.a)) — K*{BA) when 

the composite 

AcG 

is conjugate to a. In that case A C G(ima). Let in '■ A C G he the inclusion. The map out of 
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the factor corresponding to [a] is 

K*{BC{ima)) —;► n( n 

ACG {f3\[iHf3] = [a]} 

This map is an injection although it may not be the case that every abelian subgroup of C(ima;) 
is represented in the codomain. Abelian subgroups of G that are conjugate to abelian subgroups 
of C'(ima) may appear as well. Also, subgroups may appear multiple times. However, Proposi¬ 
tion 4.8 implies that repeat subgroups do not contribute to the exponent of the torsion in the 
cokernel. Finally, since there are only a hnite number of abelian subgroups of C'(ima) (or abelian 
subgroups of G that may be conjugated into (^(imQ:)), the exponent of the torsion in the cokernel 
must be bounded by the maximal exponent of this finite number of options. □ 

This subsection is not just an exercise. Artin induction for En can be proved independently 
of Theorem A in [HKROO] by using character theory. The retract theorem now allows us to 
bootstrap to BP. It is not hard to imagine moving from there to any Landweber flat theory 
(or perhaps complex oriented). One might hope that this could provide an independent proof of 
Theorem A in [HKROO], at least when G is good and X = *. 


Appendix A. A proof of Proposition 4.19, by Jeremy Hahn 

Acknowledgements 

I thank Danny Shi and Mike Hopkins for instilling me with enough practical knowledge of level 
structures to contribute to this project. 

We recall our notational conventions. Let H be a hnite abelian group, n a positive integer, 
and En a height n Morava H-theory at the prime p. We use El* to denote the Pontryagin dual 
group Hom(H, S^). In the ring E*(BH), I will denote the ideal generated by the images of 
transfers from proper subgroups of H. We let Rn denote the quotient ring E*{BE[)/L 

Algebro-geometrically, En{BH) may be interpreted as global sections of the affine formal 
scheme Hom(H*,The closed subscheme with global sections Rn = E*{BE[)/I is not as 
well-behaved as one might hope. In particular, for almost no values of H and n is Rn an integral 
domain. Let T„ denote the ideal of p-power torsion in Rn (i.e., x G Tn R and only if = 0 
for some positive integer a). In [AHS04], Ando, Hopkins, and Strickland identify the further 
quotient Rn/Tn with an object of algebro-geometric signihcance: it is the global sections of 
the formal scheme of Drinfeld level structures Level(H*, Ge,i)- In [Dri74], Drinfeld proved that 
rLevel(iL*, Gs^i) is a regular local ring, so Rn/Tn is in fact very well-behaved. 

The Ando-Hopkins-Strickland result allows one to identify 1^®En{BH)/1 with Q^TLevel^El*,G e„)- 
In this appendix, our goal will be to extend this to an isomorphism 

QG n =Q® n 

n>0 n >0 

The isomorphism follows immediately from the following proposition, whose proof occupies 
the remainder of the appendix. 

Proposition A.I. There is a positive integer k, depending on H but not depending on n, such 
that p^Tn = 0 C Rn- 
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In other words, we claim the exponent of the p-power torsion in E*{BH)/In may be bounded 
independently of the height n. 

We can make two immediate reductions. First, note that H may be written as a direct sum 
of a p-group and a group of order prime to p, the prime to p part having no contribution to 
Fi-theory. Furthermore, since is Noetherian, the exponent of the p-power torsion in Rn 

is bounded for any fixed n. In light of these facts, for the remainder of the appendix we assume 
that E[ is a p-group and study E^{BE[) for n larger than the p-rank of H. 

Since E*{BH) = FHom(Ff*, Ge„), there is a natural inclusion of H* into E*{BH). This 
is the map that takes a character y : iF —>■ 5^ to the first Chern class of the induced map 
BH BS^. Composing with the projection E*{BH) —)• we obtain a map (j) : H* —)• Rn- 


Lemma A.2. For each non-zero x S Ef*, (j){x) divides p in R^. 

Proof. Suppose y ; iF —)• has kernel A C H. The quotient H/A is isomorphic to a non-trivial 
subgroup of 5^. Assume that H/A is cyclic of order p^. It follows that the kernel of p^~^x is an 
index p subgroup A' of H containing A. The composite of the transfer and projection 

El{BA') ^ El{BH) ^ Rn 


then sends 1 to 


(p^mx)) = 




^]{4>{x))' 

by the corresponding formula for the transfer e C Z/p and naturality of transfer. In particular, 
{p^){4>{x)) = 0 ia Rn- But {p'^){4>{x)) is a power series in 4>{x) with constant term p, so it follows 
that 4>{x) divides p. □ 


Suppose now that 

H ^ Z/p'^iZ X Z/p™2Z X ... X Z/p'^^Z, 

where mi ^ m 2 ^ ... ^ mi. We proceed to prove Proposition A.l by induction on i. 

If = 1, then H = 'Ljp^^'L. The case is covered in Section 4.1 of this paper, but see also 
[AHS04, Example 9.22]. 

For > 1, consider 

H' ^ Z/p™iZ X Z/p”"2Z X ... X Z/p™^-iZ 

equipped with the natural inclusion H' C H. Let R'n denote E*{BH') modulo its ideal of 
transfers, and let Tf denote the ideal of p-power torsion in Rn- Finally, we use the notation 
(j)' : {H'Y —>■ R'n to denote the obvious analogue of (/. 

The power series ring (i?^)[[z]] is an E*-algebra, so one may consider the element 
which we denote by q{z). We use q[z) to denote projection of q{z) to (i?^/T,!^)[[z]]. For each 
y G {H')* of order at most p”^^, one has that [p”^^]('/'^(x)) = 0- Since R'n/Tf is a regular local 
ring, and since n is larger than the rank of H, it follows that q{z) is divisible by 

X 

where the product runs across all x ^ (FF')* of order at most p™^. The quotient of q{z) by 
this product may, by the Weierstrass preparation theorem, be written as a unit times a monic 
polynomial g{z). 

The following key lemma was proved by Drinfeld [Dri74, Proof of Prop. 4.3] and realized in 
topology by Strickland [Str, Section 26], [Str97, Section 7]: 
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Lemma A.3 Drinfeld. Rn/Tn = {R'^/T!^)[z\/g{z) 

The coefficients of g{z) lie in and may be lifted arbitrarily to elements of R'^. This 

defines a non-canonical lift g{z) G R'nlA di^)- Lemma A.3 then implies that Rn/Tn is iso¬ 
morphic to the quotient of R'n[z\ by the ideal {g{z),T/) generated by g{z) and the elements 
of Tn. Note that Rn is already a quotient of Rn[z] by the Kiinneth isomorphism applied to 
E*{BH) = E*{BH' X B'L/p'^^'L) and elementary properties of transfers. 

Example A.4. Suppose H is the group Z/2 x Z/2 x Z/2. Then, for sufficiently large n, Lemma 
A.3 implies that 

Rn/Tn = El[[x,y,z]]/{gi,g2,g3), 

where 

— 91 = is an element defined in E*[[x]], 

~ 92 = is a- lift of an element uniquely defined in E*[[x,y]]/gi, and 

— h = z{z-x)(z-y)il-{x+Gy)) ^ element defined in E*[[x,y,z]]/{gi,g 2 ). 

It follows that, if tc G Tn, then w = aigi + 02^2 + ^353 for some oi, 02 , 03 G Rn- The arguments 
below will show that, regardless of the height n, IQgi = I 652 = I653 = 0 , so 16tc = 0 . 

Remark A.5. The reader familiar with [AHS04] should be wary of a slight typo in the statement 
of Proposition 9.15. The correct statement appears at the end of the proof of Proposition 9.15 on 
page 29. The difference between the stated and proved versions of Proposition 9.15 is elucidated 
by the existence of elements such as g 2 in the above example, which annihilates y x in 

E*{BH)/ {cmu{x), w.u{y)) but is not defined in En{BH) itself. 

By the inductive assumption, there is an integer k' such that T/ = 0 C R'n- As a corollary 
of the comments preceding Example A.4, we see that the complete proof of Proposition A.l rests 
only on the following lemma. 

Lemma A. 6 . Let h denote the image ofg(z) under the projection vr : Rn[z] —>■ Rn- Then there is 
a positive integer r, independent of n, such that p^h = 0 . 

Proof- Let x : —)• 5^ denote any element of {H')*. We first claim that vr (z — (j)'{x)) divides p 

in Rn- 

— Let xi ■ H ^ denote the composite of the projection H —>■ with the inclusion 

Z/p™'^ —> S^. Note that (/{xi) = '^{z)- 

— Let X 2 ■ H ^ denote the composite of the projection H ^ H' with x- Note that 

(t>{X2) = vr(</>'(x))- 

Now {z — 4 >'{x)) is a unit times z —Ge„ /’’ix)- Furthermore, 

-Ge^ <P'ix)) = (PiXi) -Ge„ </>(X2) = (Pixi - X2), 

and by Lemma A.2 the claim follows. 

Turning to the proof of the lemma, recall that by definition g{z) W^{z — 4>'{x)) has coefficients 
in T/, where the product ranges over all x ^ *5'^ of order at most p^^. It follows that 

TT {^’^'Kz) - (/>'(x))^ = 0 
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in Rn- Then by the claim 


TT p 


'9{z)Wp\ = 0 , 


and so we may take r to be the sum of k' and the number of y appearing in the product. 


□ 
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